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ABSTRACT

How can we leverage inherent frequency features of stock signals
for effective portfolio optimization? Portfolio optimization in the
domain of finance revolves around strategically allocating assets to
maximize returns. Recent advancements highlight the efficacy of
deep learning and reinforcement learning (RL) in capturing tem-
poral asset patterns for portfolio optimization. However, previous
methodologies focusing on time-domain often fail to detect sudden
market shifts and abrupt events because their models are overly
tailored to prevalent patterns, resulting in significant losses.

In this paper, we propose FREQUANT (Adaptive Portfolio Opti-
mization via Multi-Frequency Quantitative Analysis), an effective
deep RL framework for portfolio optimization that fully operates
in the frequency domain, tackling the limitations of time domain-
focused models. By bringing the analysis into the frequency domain
with the Discrete Fourier Transform, our framework captures both
prominent and subtle market frequencies, enhancing its adaptabil-
ity and stability in response to market shifts. This approach allows
FREQUANT to adeptly identify primary asset patterns while also
effectively responding to less common and abrupt market events,
providing a more accurate and comprehensive asset representa-
tion. Empirical validation on diverse real-world trading datasets
underscores the remarkable performance of FREQUANT, showing its
superiority in terms of profitability. Notably, FREQUANT achieves up
to 2.1x higher Annualized Rate of Return and 2.9x higher Portfolio
Value than the best-performing competitors.
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1 INTRODUCTION

How can we leverage inherent frequency features of stock signals for
effective portfolio optimization? Portfolio optimization is a crucial
area of research that aims to identify the best portfolio allocation to
maximize returns over a given period. The ability to make decisions
based on complex market conditions enables investors to manage
their portfolio effectively. As a result, there is growing demand for
methods that prioritize robustness and superior returns. Recent
studies have shown that Deep Learning [7, 15, 21, 22, 52], especially
when combined with Reinforcement Learning (RL) [2, 20, 25, 40, 51],
achieves effective portfolio optimization.

One of the primary challenges in this problem is how to model an
asset’s representation at a given trading moment. The dynamics of
the market change over time, and comprise complex factors, making
it difficult to accurately determine which factor contributes the most
to an asset’s behavior [5]. To address this issue, researchers have
explored various approaches, such as accounting for correlational
information between assets [26, 31, 43] or using attentive recurrent
networks [10, 38, 49]. These methodologies analyze the complex
signal of the asset in the time domain to identify implicit temporal
patterns, which are then used in expressing individual assets.

However, these time domain-focused models often implicitly
smooth over temporal variations and place excessive emphasis
on prevalent patterns, favoring continuous trends over abrupt
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Figure 1: The Frequency State Encoder (FSE) in FREQUANT is pivotal for multi-granular asset representation that captures both
prevalent and abrupt patterns in asset signals. The FSE comprises two main components: (a) the Multi-Event Fusion Network
which amplifies and merges frequency features to capture complex patterns, and (b) the Frequency-Relation Encoder which
uses self-attention to interlink complex events and spotlight those essential for asset representation.

changes [16, 51]. This smoothing mechanism—such as RNNs’ av-
eraging operations or attention mechanisms’ blending of tempo-
ral information—helps identify prevalent trends, but inadvertently
diminishes the significance of abrupt changes, treating them as
anomalies or outliers rather than signals. As a result, crucial market
shifts can be overlooked, potentially leading to substantial invest-
ment losses. Therefore, the challenge lies in developing models that
maintain sensitivity to both ongoing trends and sudden shifts.

To tackle this challenge, we shift our analysis to the frequency
domain, enabling discernment of pervasive trends and abrupt de-
viations in asset signals. For this purpose, we use the Discrete
Fourier Transform (DFT) [6, 27], which converts time domain sig-
nals into frequency domain features, reflecting the intensity and
timing of periodic patterns. Notably, prevalent patterns correlate
with lower-frequency features, while rapid shifts are captured by
higher-frequency ones. This distinction aids the model’s direct
identification and handling of features tied to prevalent and sudden
shifts.

We propose FREQUANT (Adaptive Portfolio Optimization via
Multi-Frequency Quantitative Analysis), a novel deep RL (DRL)
framework for adaptive portfolio optimization managing both preva-
lent and abrupt patterns in the signals, thereby enhancing stability
and responsiveness to market changes. Operating fully in the fre-
quency domain, FREQUANT retains critical frequency attributes,
directly linking to the intensity and timing of periodic patterns.

For optimal portfolio construction, asset signals are processed
through FREQUANT’s modules: the frequency state encoder and
the portfolio generator. The frequency state encoder decomposes
temporal patterns, learns to amplify and compose complex patterns,
and uses the self-attention mechanism to highlight key frequencies,
thereby creating multi-granular asset embeddings. Figure 1 depicts
this process for a single asset. The portfolio generator then inte-
grates these embeddings to produce real-valued portfolio weights,
effectively capturing the interrelationships among the assets.

To implement our framework, we use the deep deterministic
policy gradient [23], with effective guidance for stabilizing opti-
mization process and an explicit formulation of transaction fee in
long-short portfolio settings. Experimental results demonstrate the
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effectiveness of our model in capturing market shifts and optimizing
portfolio returns, achieving the state-of-the-art performance.
Our Contributions are summarized as follows:

e We propose FREQUANT, a novel DRL framework that leverages
multi-frequency features to adapt to sudden market shifts by
fully operating in the frequency domain while preserving the
essential information of these features.

e We present a precise formulation of transaction fees, a crucial
factor in long-short trading markets, to enhance the real-world
relevance of our model.

e Through extensive experiments conducted on diverse market
datasets, we demonstrate the superior performance of FRE-
QUANT compared to other existing methods. Our framework
achieves up to 2x higher Annualized Rate of Return, making
it a promising approach for portfolio optimization tasks.

2 RELATED WORKS

Asset Movement Prediction Strategies. Recent advancements in
deep neural networks have led to significant progress in resolving
asset movement prediction problem [18, 39-42, 49, 50]. Utilizing
attention mechanisms [38] to capture long-range dependencies,
several studies have uncovered temporal patterns from assets sig-
nals [33, 41, 49]. Additionally, the integration of external datasets,
such as expert trading signals [42] and high-frequency signals [18],
has been explored. Zhang et al. [50] employed DFT to extract multi-
frequency features within recurrent units. However, these tech-
niques often fall short in real-trading scenarios as they lack access
to essential information, such as adjusted rewards with transaction
fees or adjusted portfolio weights for the dynamic allocation.
Deep RL for Portfolio Optimization. The fusion of deep neu-
ral networks and reinforcement learning (RL), known as deep RL,
has demonstrated promise in portfolio optimization [20, 26, 31,
35, 36, 43, 44, 46, 47]. For example, the EIIE framework [20] in-
troduced the first RL-based portfolio optimization with temporal
pattern modeling using Temporal Convolutional Networks (TCNs)
[4]. Other deep RL-based methods have integrated attention mech-
anisms to enhance explainability [31] and incorporate asset correla-
tions [43, 45]. Additional efforts have leveraged external resources
such as high-frequency data [36, 44, 46], expert trading insights
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[26], or news articles [47] to enrich context embeddings. Neverthe-
less, the complexity of capturing sudden and abrupt events from
intricate asset signals remains a challenge for these methodologies.

3 PROBLEM FORMULATION

We give a formal definition of the portfolio optimization problem
in a long-short setting as follows:

PrOBLEM 1 (PORTFOLIO OPTIMIZATION WITH LONG-SHORT).
Given: historical price data X of N assets and the market index,
Find: the optimal long-short weights v; € RN*! for cash and each
individual asset at every rebalancing time-step t, aiming to maximize
the profit over the trading period through these investments.

This problem’s natural alignment with the Markov decision
process environment is concisely detailed in the following.

Time-steps. The trading period is defined as [PL7ade, ptrade)
where P! rade ynq PIr ade yre the starting and ending dates of trading
period, respectively. Each rebalancing time step ¢ is an index of an
opened market day between these dates. Formally, ¢ belongs to the
set{1,2,..., L%J }, wherery € Z* represents the rebalancing

frequency, D = {PI" ade ,PLr “de} is the set of calendar dates dur-

ing the trading period, and C = {x € D : x is a closed market date}
is the set of closed market dates.

State Space. The state s; at a rebalancing time-step ¢, is com-
posed of assets’ price feature tensor X?SSEt € RIXNXT correspond-
ing to market’s price feature tensor XMarket ¢ R/XIXT and the
current portfolio weights w; € RN+ where J is the feature di-
mension, and T € Z* is the number of look-up days. A feature
tensor X; = [I;—7;...;I;—1] consists of daily price feature matrix
I =[fi1;-- s finN] € RIXN where f;; = [ tfil)""’ tfi])]T eR/
is a feature vector of i-th asset.

Action Space. An optimal long-short weight vector or the de-
sired portfolio weights v; = [vs0, .. ., vt,N]T e RN+ gt rebalancing
time-step ¢, is N + 1 dimensional vector, where the first component
0o > 0 is cash-weight and -1y < v;)p < 1y are individual
assets’ long-short weights. The magnitude |v; ;| of the i-th asset
weight represents the investment ratio relative to the total bud-
get, giving the equality constraint Zﬁ\i o 10til = 1. A non-negative
weight v; ; > 0 for the i-th asset indicates a long position, while a
negative weight v; ; < 0 implies a short position.

Reward Function. We assume the first and second row vectors
of I;, denoted as p1(I;) and pa(I;), respectively, to be the daily
opening and highest prices, each in RNV, The change rate 67 € RN
of the opening price of the assets during the rebalancing time-step
t and t + 1 is defined with element-wise operations as follows:

87 = (p1(Ir+1) — p1(1) @ p1(1y), 1
where @ denotes Hadamard division. Similarly, the change rate
6? € RN of highest price with respect to the opening price during
rebalancing time-step t and ¢ + 1 is defined as follows:

81 = (pa(I) = p1(1)) @ pr(Iy). @
As asset prices fluctuate throughout the rebalancing period, the
weights allocated to individual assets at ¢ differ from those at t + 1.
For assets in a long position, the difference in weight from ¢ to ¢ + 1
is calculated by multiplying the weight at ¢ by the change rate of

1213

KDD ’24, August 25-29, 2024, Barcelona, Spain.

the opening price, §7. Conversely, for assets in a short position,
considering a “Margin Call” scenario where the position is forcibly
closed if the price doubles 6;1 > 1, the maximum loss is capped
at the initial invested weight. The weight difference for assets,
d; € RN, between rebalancing time-step at t and ¢ + 1 becomes:

®)

where © is Hadamard product, x* = max(x, 0) and x~ = —min(x, 0)
are the positive and negative part of x, respectively, and 3} = 1 if

5;‘1. > 1, otherwise 5;’1. fori=1,---,N. Then the changed portfolio

weights w41 € RN*1 at the rebalancing time-step ¢ + 1 turns into:

d[ = (Ut’\0)+ O 6? + (Ut,\())_ o 6;”,

Wee1 = [0£,0,04)\0 +dt ] (4)
Accordingly, the normalized portfolio weights w;,, € RN*1 at the
rebalancing time-step ¢ + 1 with L!-norm becomes:
’ Wi+l
Wi = ——. (5)
B wea |l

Then we define the reward function r; € R, which evaluates the
portfolio reallocation based on the value v; at the subsequent rebal-
ancing time step t + 1. Specifically, the reward function r; can be
formulated as the combination of 1) total profit and loss, and 2) the
total paid transaction fee during the reallocation as follows:
T .
re = dy sign(vy)\o) gwionfi f5)
Total P&L Amount Total Paid Transaction Fee

(6)

where the function g computes the fee for the reallocation of portfo-
lio weights at time step t and 0 < fj, fs < 1represent the transaction
fee rates for closing long and short positions, respectively. We fur-
ther elaborate the calculation in the upcoming section.

Transaction Fee. In line with previous works that formulated
transaction fees for long position settings [20], we extend the for-
mulation to incorporate both long and short positions for assets.
In this setting, traders have the flexibility to take either a long or
short position for any given asset. In the rest part of this section,
we omit the rebalancing time-step ¢ for the simplicity.

Let ¢; and o; denote closing and opening position weights for
the i-th asset. Specifically, ¢; > 0 corresponds to closing a long
position, while ¢; < 0 indicates a short position closing. Similarly,
0; = 0 denotes opening a long position, and 0; < 0 indicates an
opening short position. Transaction fees are typically incurred only
when closing positions, not when opening new ones. The desired
weight v; for an asset needs to be adjusted after closing and opening
positions and normalizing for transaction fees, expressed as:
wi = ¢j +0; "

1-0©
where © = Zg\i 1€} fi + ¢; fs € Ris the total paid transaction fee.

To solve Eq. (7), we employ a fixed-point iteration method de-
noted as g(w}, vy, fi, fs), iteratively solving ¢; and o; to compute ©.
Specifically, we alternate between fixing o0; and solving for ¢; =
0;(©—1)+w]+0;, and fixing ¢; and solving for 0; = v;(1-©)—w] +c;.
This iterative approach converges to c}, o}, and ®* while adhering
to the constraints, including i) wic; > 0 to maintain consistent
closing position directions with the current position, ii) |c;| < [w]]

v = Vi=0,...,N,
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Figure 2: An overview of the proposed architecture FREQUANT.

Algorithm 1: Fixed-point Iteration for ©*

Input:o: The desired portfolio weight vector.
w: The current portfolio weight vector.
f1, fs: Transaction fee for closing long and short pos.
Output: Total paid transaction fee ®* for the reallocation.
1ke—0,¢0 0,0 060, Cprev < Iny1
2 while [[c®) — cpre0ll? > € do
kD) O 1N (O—1)+w+0k)
if C§k+1)

3

w; < 0 then
c§k+1) —o0

4

5 ‘ /* The first constraint */

end

if 1| > ;| then

8 ‘ c§k+1) —w /* The second constraint */

end
0 — 3N () fi+ () £
0o ) — O T4 (1-0) —w+ kD)

10

11

12 if (w; — c(kﬂ))o.(kﬂ) < 0 then

13 ‘ oi(kﬂ) — /* The third constraint x/
14 end

15 Cprev — c(k+1)

16 ke—k+1

17 end

18 " — 0O

19 return ©*

to cap closing positions, and iii) (w] — ¢;)o; > 0 to preserve posi-
tion directionality after opening. The Algorithm 1 illustrates the
pseudo-algorithm for computing the transaction fee g(w;, vy, fi, fs).-

4 PROPOSED METHOD

In this section, we introduce FREQUANT, a novel deep reinforcement
learning-based architecture for portfolio optimization, operating
fully in the frequency domain. We address the following challenges:

C1 Multi-Granular Asset Representation. The granular model,
overly attuned to prevalent market patterns, struggles to de-
tect the subtleties of fine-grained patterns, such as abrupt, yet
significant market shifts. How can we embed both the granular
and the fine-grained patterns within the asset representation?

Portfolio Generation with Asset-Correlation. Modeling
the evolving interrelationships among assets for portfolio gen-
eration aids in identifying the condition of noisy assets through

C2
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comparisons and managing risk by diversifying the portfolio.
How can we model asset correlations during portfolio generation?

C3 Stabilizing the Optimization Process. Deep reinforcement
learning faces instability in training actor-critic networks with
numerous parameters [9, 12, 24], inevitably requiring an ad-
ditional tactic for stabilization. How can we enhance stability
during the optimization process?

To tackle these challenges, we introduce an end-to-end frame-
work that operates exclusively in the frequency domain. This ap-
proach focuses on extracting meaningful insights from frequency
features and adapting to sudden market changes. Figure 2 provides
an overview of the FREQUANT framework, addressing each chal-
lenge with the following main ideas:

I1 Frequency State Encoder (Section 4.1). We bring our analy-
sis into the frequency domain with discrete Fourier transform
to explicitly disclose prevalent and abrupt patterns. These pat-
terns are effectively fused to capture complex patterns with
event-filters and convolution kernels. The Frequency-Relation
Encoder, an extension of the Transformer [38], is used to em-
phasize crucial frequency features and adapt to market shifts.
Portfolio Generator (Section 4.2). We capture the underly-
ing asymmetric correlations among the assets using the self-
attention mechanism. The context embeddings of each asset,
with these correlations, are utilized to compute confidence
scores that determine their inclusion in the final portfolio.

Optimization with Guidance (Section 4.3). We utilize the
DDPG algorithm during the optimization process and guide
the event-filter parameters to learn predefined fundamental
periodicities, thereby enhancing the process’s overall stability.

12

I3

4.1 Frequency State Encoder

The main objective of the Frequency State Encoder (FSE) is to gen-
erate multi-granular asset representations that effectively capture
both prevalent and abrupt patterns within respective asset signals.
To achieve this, we focus our analysis in the frequency domain, em-
ploying DFT to explicitly identify both prevailing and rare patterns
within asset signals. We then utilize complex-valued operations to
further elaborate asset representation while preserving the charac-
teristics of distinguished patterns in frequency domain. Lastly, we
model intricate interrelationships among these patterns to elimi-
nate the redundancies and adaptively identify the pivotal pattern.
We omit the rebalancing time-step ¢ from this discussion.
Scrutinizing Latest Patterns. Initially, we emphasize key price
signals, while diversifying representation through applying 1 X 1
convolution [37] along the feature dimension of the asset price
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feature tensor XAsset ¢ RIXNXT with | price features, N assets,

and T window size. This produces the refined input tensor XAsset ¢
RFXNXT 'where Fy denotes the number of feature maps.

We target our analysis on the latest patterns by deploying multi-
ple FSE blocks with temporally segmented input tensors, as these
patterns tend to contribute more to price signals. Specifically, for
the m-th FSE block, we have the respective m-th segment X455t ¢
RFXNXTm of the refined input tensor, with the latest Ty, = LWL,IJ
points, for m = 1,..., M. For the brevity, we refer to a single input
tensor as X and segmented dimension as T in the following.

Multi-frequency Decomposition. For the explicit disclosure
of periodic patterns within the signals, we bring our analysis into
the frequency domain by applying a 1-dimensional real-valued T-
point DFT along the temporal dimension of the input tensor X €

RFoXNXT “and obtain complex feature tensor X(0) ¢ CFoxNxTy,

where Tp = [%J +1is the truncated temporal dimension. Specifically,

for the finite sequence of T real numbers of i-th asset’s f-th feature

map X if e RT, we have a Hermitian-symmetric finite complex
_ I2zk

sequence Xi.f € CT defined as X]ic’f = ZZ;(} Xf,’f e T
I = V-1 and the corresponding frequency is % x Sampling Rate.

n
, where

For instance, if we have a daily price sequence and T = 256, then the
8-th frequency feature X;’f corresponds to the amplitude and phase
information of the frequency 3lzcycle /day, which is the pattern that
repeats every 32 days. We define each of these frequency feature
vectors Xl e CFo a5 the k-th periodic “Event” of the i-th asset,
where each component X, depicts the characteristics of its event.
These events characterize the patterns like cyclical factors, business
cycles, seasonal effects, or other periodic influences [17]. We retain
only half of X by virtue of the Hermitian-symmetry, resulting in a
complex tensor X(9) € CFo*NxTo \where Ty = I_%J +1.

Multi-Event Fusion Network. The goal of the multi-event fu-
sion network is to filter important frequency features out of the com-
plex tensor X (0) and capture the complex event, which defies simple
sinusoidal representation and appears through a mixture of multi-
events. For this purpose, we employ a series of units i = 1,...,1,
each consisting of an event-filtering layer and a 1d-convolutional
layer, to signify crucial frequency features and discover fusion rules
for complex events, respectively.

Specifically, we apply the u-th event-filtering of the i-th unit

with parameters M,Sl) € CFi-1XNxTie1 ' where parameters across
the asset dimension are shared, u = 1,. .., u; represents the index
of the event-filter within the i-th unit, and F;_; and T;_1 denote the
number of feature maps and the temporal dimension at the (i—1)-th
unit, respectively. Each u-th event-filter aims to selectively preserve
the most relevant and informative features, resulting in a more
refined and meaningful representation. Collectively, concatenating

< ¢

along the feature dimension of all event-filtered outputs X
CuiFi-1XNXTi-1 can be expressed as follows:

x = Concat(Ml(i) o X1 . -,Mg) o X)) (s

Subsequently, the 1d-convolution X (1) e CFXNXTi of j-th unit
along the temporal dimension for each asset with the kernel size
k;, stride size s;, and F; filters is:

X0 = convid(X": ki, 51, o), )
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where Conv1d(X) is the concatenated result of independently ap-
plied 1d-convolution operations for each asset of the 3d-input tensor
X with the same parameters, and T; Lok 1] is the changed

temporal dimension. Consequently, 1d- convolution of the last unit

outputs a complex feature tensor X € CPXNXT where F and T
denotes the number of filters and temporal dimension at the last
1d-convolution, respectively.

Frequency-Relation Encoder. We further enhance asset repre-
sentation by modeling the extant relationships among the captured
events [8], which aids in eliminating redundancies and spotting
pivotal events. To this end, we adapt the Transformer encoder
[38] into a Complex Transformer Encoder (CTE), leveraging the
self-attention mechanism’s proficiency in delineating these rela-
tionships. To function fully in a complex vector space, we employ
the Hermitian inner product in place of the dot product to compute
the similarity between two complex vectors, and use complex soft-
max to normalize and retrieve the attention scores of these vectors.
In the following, we refer to CTE as either the Frequency-Relation
Encoder (FRE) when modeling events’ correlations or the Asset-
Relation Encoder (ARE) when designing assets’ interdependencies.

To exemplify within the FRE context, consider a permuted com-
plex feature tensor X € CNXTXF with WO, WK WV e cF*dk a5
parameters for the complex linear projection [14] of query, key, and
value into di-dimensional spaces, respectively. The asset dimen-
sion N is treated as the mini-batch dimension. The attention scores
S; € RT*T for the i-th asset across their T complex events are:

(X;WQ) (X;wk)*

is the i-th asset’s feature matrix, (-)* denotes the

S; = cSoftmax (10)

where X; € RTXF
Hermitian transpose, \/d_k is a scaling factor, and cSoftmax(z) =
el#l/3; el#il is a row-wise complex softmax function adapted from
[30]. )

The correlated embedding X¢ = S(XWV) € CN*Txdi g an
aggregation of linearly projected values, weighted by asymmetric
correlation scores between events. The correlated embedding is
then passed through a Feed Forward Network [14] and a layer
normalization layer [3] with a residual connection [13] to match
the input feature dimension F. We denote the output embedding of
FRE as ¢ = FRE(X) € CN*E where E=T x F.

Final Asset Representation. The output embeddings, £A5%¢t €
CNXE for asset inputs and &Market ¢ C1XE for market inputs, are
obtained using their respective networks with different parameteri-
zation (see Figure 2). To consider both local and global semantics,
we sum them in an element-wise manner, following [48, 49]:

£ = (1)

Finally, a context embedding C € CN*9  which is the represen-

tation of the assets, is achieved by concatenating linearly projected
embeddings of each FSE outputs along the feature dimension as:

C= Concat(ﬁ?Wl, e fj(\),[WM), (12)
where Wy, € CEm>dI are complex parameters, Ep, is the output

dimension of the m-th FSE block, and d; = M X dj is the dimension
after concatenating M number of d; features.

§Asset +1 fMarket
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4.2 Portfolio Generator

The central focus of the portfolio generator is to generate an optimal
portfolio » € RN*! with the attained asset context embeddings C €
CNxde This optimal portfolio must meet two crucial requirements
for high-quality investment: stability and profitability. To achieve
these objectives, we model the evolving interdependencies among
the assets [26, 43, 49] to enhance stability, and select a portion of
assets with the highest confidence scores to satisfy both criteria.

Asset-Relation Encoder. We embed the assets’ interdepen-
dencies through the Asset-Relation Encoder (ARE), which mirrors
the structure of the CTE, with a specific focus on creating asset-
correlated context embeddings H. Specifically, it takes asset context
embeddings C € CN*4e and produces asset-correlated context em-
beddings H = ARE(CW,) € CN*d where W, € CdXde jg the
linear projection weights, which serves as integrating the various
levels of representations obtained from the multiple FSE blocks.

Portfolio Generation. In real-world trading scenarios, the
number of assets held is often limited due to practical considera-
tions, making asset selection crucial. However, previous strategies
[26, 43, 45] fall short in markets with clear trends, such as consis-
tent bull markets, because they maintain a fixed number of short
positions regardless of market conditions. To address this, we con-
struct the optimal portfolio v, based on the highest magnitude of
confidence scores, offering a targeted response to the market.

Specifically, we define the confidence scores h € RN*! of the
asset with the asset-correlated context embeddings H, the cash bias
b, € C%, and the current portfolio weights w’ € RN*! as:

h = R (Concat;(Concaty (bCT, H),w)u+1n4by), (13)

where Concaty, () denotes concatenation along the n-th dimension,
R(-) is the real part, and u € C%*! and b, € C are the weight
and bias, respectively. Subsequently, let G c {0,...,N} be the
set of indices corresponding to the assets with the |G| highest
magnitudes of the confidence scores. Then, the optimal portfolio
weights v = [0,...,on] € RN*! is defined as

h; o
PR L S— fie
v; = {Zjeg i M G
0

(14)

otherwise.

4.3 Optimization with Guidance

We use the deep deterministic policy gradient [23] algorithm for
optimization, but it presents instability issues, particularly with
numerous parameters to optimize. To mitigate this, we propose a
novel regularization method that guides the event-filter parameters
using the inductive prior of fundamental periodicities.
Optimization Process. For every rebalancing time-step t, the
state sy € S € X X ‘W is fed into the parametrized actor network
u(s|0#) to produce an action a := v = p(s|0*) € RN*! where S
is the state space and ‘W is the portfolio weight space. After the
execution of an action a;, the reward r; and the next state s;+1 are
observed. The critic network Q computes a q-value as follows:

Q(s,al09) = V] (Wg - Concat(®(s|6%),a) +b)* € R, (15)

where (-)* denotes the ReLU activation function, ®(s|6%) € RN*!
is a state encoding network which resembles the actor network
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41(+) but parametrized with 6%, and V, € R%, Wp € Réqx2(N+1),
and b € R% are the learnable parameters.

The weights of the critic network 9 is updated with the gra-
dients Vgo L = %V@Q 2i(yi — OC(si, ai|69))? to minimize the tem-
poral difference, where B is the mini-batch size and y; is the i-th
sample target. The weights of the actor network is updated with the
action-value gradients [32] to maximize the performance objective:

1
Voud ~ 5 ), VaQ(s al69)lsms, au(sp) Vour(s109)ls,. (16)

Guiding with Fundamental Periodicities. To further stabilize
the optimization process, we offer intuitive guidance for event-
filter parameters by incorporating fundamental periodicities. This
approach is inspired by the observation that market assets exhibit
basic, fundamental periodicities, such as common seasonality effects
(e.g., the Friday effect) [1, 11, 29]. Thus, we prompt the frequency
features to learn these inductive priors of fundamental periodicities,
serving as a stabilizing mechanism for the optimization process.

Recall that the output of the Multi-frequency Decomposition
is the complex tensor X(©) € CFoXNxTo and the first unit’s very
first event-filter is M = Ml(l) € CFXNXDy here all N assets
share the same Fy X Ty matrix. We define the magnitude of the
i-th asset’s f-th feature vector of the event-filter M bf e Ch as
pPr= M |. To provide guidance, we regularize pr so that the
parameters of the event-filter gradually follow and represent the
predefined periodicities 1 = 5,52 = 10,53 = 20, .. ., where || < F.
Since naturally existing patterns with length T that repeat every 7 I

days in the time domain will have high magnitudes at every L%J—

th index in the frequency domain, we aim to make the magnitude
of the event-filter py mimic these ¢-periodic patterns. Formally,
we jointly minimize the following regularization term:

]
Lreg=), . llps ol (17)
where af = {%(%)}fgl is the guide of the f-th

feature vector with zero values only near the every L”lj—th index.

As a result, we update the actor network p(s|@#) with the com-
positive gradients Vgu Jreq using gradient ascent:

veﬂ\%eg = veﬂj - /IVGHLreg,

where A is a hyperparameter balancing regularization intensity.

(18)

5 EXPERIMENTS
We perform experiments to address the following questions:

Q1 Performance Evaluation (Section 5.2). Does FREQUANT
outperform other methods, demonstrating its effectiveness in
portfolio optimization?

Q2 Effects of Frequency-Relation Encoder (Section 5.3). Does
the Frequency-Relation Encoder dynamically emphasize sig-
nificant frequency features as time progresses?

Q3 Interpretation of Event-filters (Section 5.4). Do the ac-
quired event-filters from the Multi-Events Fusion Network
accurately capture event-relevant patterns?

Q4 Empirical Validation of the Robustness (Section 5.5). Does
FREQUANT have enhanced stability and responsiveness to the
rapidly changing market?
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Table 1: The results of the proposed method FREQuaNT (FQ) and its variants, along with those of competitor models, are
presented in ARR and ASR metrics. The best result is shown in bold, and the second best is underlined.

Dataset | US.stock market | KR stock market | Cryptomarket | CN stock market | JP stock market | UK. stock market
Methodology | ARR(%)T ASRT | ARR(%)T ASRT | ARR(%)T ASRT | ARR(%)T ASRT | ARR(%)T ASRT | ARR(%)T ASRT
CSM [19] -3.774 -0.238 -6.279 -0.545 -84.36 -3.122 -15.86 -1.358 1.621 0.139 -2.054 -0.181
BLSW [28] -11.51 -0.706 -16.64 -1.400 -145.0 -4.397 -21.79 -1.722 -9.612 -0.817 3.427 0.187
AlphaStock [43] 9.141 0.495 6.922 0.363 70.56 0.966 11.63 0.486 20.06 1.089 10.43 0.815
DeepTrader [45] 16.80 0.810 27.84 0.994 102.6 1.598 29.40 1.154 26.22 1.190 15.48 0.795
MetaTrader [26] 13.69 0.429 5.509 0.368 82.17 1.208 27.31 0.940 15.05 0.526 11.16 0.718
FQ-FRE-CTE 7.213 0.360 10.17 0.427 93.32 1.318 20.25 1.015 6.697 0.399 12.71 0.478
FQ-FRE 12.69 0.434 12.06 0.570 99.28 1.905 25.94 1.219 8.769 0.404 14.62 0.714
FQ-CTE 13.21 0.542 13.42 0.663 116.7 1.834 25.16 1.284 20.29 0.835 18.28 0.688
FQ (proposed) ‘ 36.25 0.770 ‘ 38.57 1.008 ‘ 179.4 2.370 ‘ 36.45 2.109 ‘ 41.93 1.263 ‘ 24.80 1.413
45
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Figure 3: The Portfolio Value (PV) across various models in different market datasets during their respective test periods.

Q5 Case Study in Adaptive Positioning (Section 5.6). Does
FREQUANT successfully adapt its weight allocation strategy in
response to price fluctuations?

5.1 Experimental Setup

Datasets. We employ six market datasets in our experiments. Ta-
ble 2 provides an overview of the training and testing periods, as
well as the number of assets in each market. Each market dataset
encompasses assets that were present throughout both the learning
and testing periods. The U.S., KR, and Crypto market datasets have
been newly collected from their respective markets. Meanwhile, the
CN, JP, and UK. market datasets, which are public, were utilized in
previous studies [34, 49]. To enable a more extensive experiment,
we have updated the data periods and assets across all datasets.
Competitors. We conduct a comparative assessment of FRE-
QUANT by evaluating its performance against five established method-
ologies for portfolio optimization. These methodologies encompass
a combination of classical and contemporary techniques. Specifi-
cally, our analysis includes two traditional methods, Buying-Loser-
Selling-Winner (BLSW) [28] and Cross-Sectional Mean reversion
(CSM) [19], and three recently developed portfolio optimization
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Table 2: Time periods and asset counts for different datasets.

Dataset ‘ # Assets Training Period Testing Period
U.S. stock market 224 1992.08-2013.08  2013.09-2022.11
KR stock market 528 2001.01-2016.06  2016.07-2022.11
Crypto market 44 2019.01-2021.10  2021.11-2022.11
CN stock market! 34 2009.01-2017.09  2017.10-2020.12
JP stock market? 118 2013.08-2021.03  2021.04-2023.12
UK. stock market? 21 2011.09-2020.07  2020.08-2023.12

1 https:/github.com/TradeMaster-NTU/TradeMaster
2 https://datalab.snu.ac kr/dtml/#datasets

methods, AlphaStock (AS) [43], DeepTrader (DT) [45], and Meta-
Trader (MT) [26]. All of these approaches are designed for long-
short operable scenarios.

Evaluation Metrics. We use two evaluation metrics to com-
prehensively evaluate the performance of our approach. First, we
examine the Annualized Rate of Return (ARR), providing a direct
measure of the method’s profitability. Second, we utilize the Annu-
alized Sharpe Ratio (ASR), which offers a balanced perspective by
considering both profitability and risk. The higher values for these
metrics indicate improved performance.
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Figure 4: The changing frequency intensity iy within FRE
over time for SONY and JPM. The circled regions exhibit
dynamic adaptation ability of FRE (see Section 5.3).
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Figure 5: Illustrative examples of the heightened frequency
features of SONY and JPM on the respective dates using the
attention scores S; from the FRE (details are in Section 5.3).

5.2 Performance Evaluation (Q1)

Table 1 presents the outcomes of the performance evaluation in-
volving FREQUANT and competitor models across multiple datasets.
In addition to other competitors, we compare FREQUANT with its
variants. FQ-FRE denotes FREQUANT without the FRE module, and
FQ-CTE signifies the replacement of the CTE module with two
original Transformer encoders [38], separately for the real and
imaginary parts of complex features. FQ-FRE-CTE removes the FRE
module from FREQUANT while incorporating the original Trans-
former encoder in place of CTE.

FREQUANT demonstrates robust performance in the portfolio
optimization task, as evident from Table 1. It shows superior perfor-
mance in terms of ARR, and exhibits strong risk-profit performance
by ASR. While FQ-FRE-CTE exhibits performance comparable to
previous methods, the persistent performance improvement ob-
served across its variants validates the effectiveness of each module.

Additionally, Figure 3 depicts the dynamic evolution of Portfolio
Value (PV) over time, defined as Hi'zz(l +r¢—1), where t’ is the
current rebalancing time-step and r;_1 is the reward at rebalancing
time-step ¢ —1, following Eq. (6). While high volatility induced
minor fluctuations in earnings, FREQUANT effectively identifies and
capitalizes pivotal trading assets by incorporating both dominant
and abrupt events. This aligns with the results in Table 1 where
FREQUANT achieves the highest PV across all datasets.
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Figure 6: The visualization of event-filters in both the fre-
quency domain (red) and the time domain (blue). The first
and second columns correspond to the event-filters with pre-
defined periodicities of 5 and 10, respectively, induced by the
guidance in Eq. (17). The third column shows an event-filter
trained without any prior, exhibiting the capability of FRE-
QUANT to capture and amplify significant multi-periodicity.

5.3 Effects of Frequency-Relation Encoder (Q2)

To demonstrate the dynamic adaptation effect of the Frequency-
Relation Encoder (FRE), we investigate the frequency intensity

tﬁlk = i S{ ’k, where S{ ok denotes the attention score between the j-
th and k-th complex features of the i-th asset, as defined in Eq. (10).
Figure 4 shows the changing frequency intensities for two assets,
Sony (SONY) and J.P. Morgan (JPM), across various time frames
within the U.S. market. Notably, the launch of a new game console
by Sony in early 2014 prompted a significant event, activating high-
frequency domain features in response to rapid price fluctuations.
Soon afterward, it shifted its attention towards low-frequency do-
main features, reflecting settled market conditions. Similarly, the
decision by the United Kingdom to exit the European Union (Brexit)
in June 2016 led to heightened price volatility, impacting financial
institutions like J.P. Morgan. Consequently, both assets exhibited
changes in frequency intensities during these periods, effectively
capturing evolving market conditions.

Furthermore, Figure 5 provides illustrative examples of height-
ened frequency features through the FRE. The attention scores
depicted exhibit a systematic arrangement, with specific features
emphasized by comparatively larger values, highlighting their im-
portance. While importance is generally distributed across both
low and high-frequency domain features, there are instances where
the most critical component is underlined, especially when distinct
patterns emerge and require focused attention.

5.4 Interpretation of Event-filters (Q3)

In Figure 6, we illustrate the appearance of the f-th learned event-
filters, M®f € CT, in each column. These event-filters are de-
signed to amplify significant frequency features derived from Multi-
frequency Decomposition, capturing pivotal recurrences of the as-
sets. As a result, the learned event-filters inherently represent the
overarching patterns exhibited by the assets. To visualize this in a
comprehensible form, we transform the originally existing event-
filters in the frequency domain (red) to the time domain (blue)
through the Inverse-DFT (IDFT). In the frequency domain, the mag-
nitude of event-filters, py = |M:f|, readily shows which frequency
features are amplified and focused on the most. Subsequently, the
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Table 3: Training statistics with and without Predefined Periodicity Guidance (PPG) in Eq. (17). The values indicate mean
cumulative reward followed by reward variance during the respective training episodes.

Dataset | U.S. stock market | KR stock market | Cryptomarket | CN stock market | JP stock market | UK. stock market
Episode | FQ | FQ-PPG | FQ | FQ-PPG | FQ | FQ-PPG | FQ | FQ-PPG | FQ | FQ-PPG | FQ | FQ-PPG
1-10 -0.5(1.3) | -1.2(2.7) | 0.6(1.5) | -0.1(2.7) | -0.2(1.3) | -0.4(1.6) | -1.1(0.3) | -1.0(0.3) | -0.7(0.2) | -1.2(0.4) | -0.4(1.0) | -0.5(1.2)

11-20 3.100.7) | 0.1(3.5) | 1.9(0.8) | 0.3(1.8) | 1.1(1.9) | 1.0(4.3) | 0.4(0.5) | 0.50.8) | 0.6(0.3) | 1.6(5.2) | 1.2(0.1) | 1.7(0.5)
21-30 37(04) | 1.7(47) | 4.0(0.6) | 0.6(1.0) | 2.8(0.9) | 1.3(2.7) | 2.7(0.3) | 2.6(0.4) | 2.3(2.5) | 8.2(0.8) | 2.0(0.2) | 1.9(0.3)
31-40 5.2(0.6) | 3.8(2.9) | 6.6(2.0) | 3.0(2.1) | 3.1(0.5) | 1.5(3.1) | 4.7(0.3) | 3.8(0.3) | 9.1(1.0) | 8.3(2.1) | 2.3(0.1) | 2.0(0.7)
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Figure 7: The total rate of returns achieved on days with Figure 8: Price fluctuations and changes in their weights of
significant market shifts. The values next to the market type Bitcoin and Holo in the cryptocurrency market dataset. The
indicate the cut-off points used for identifying market shifts. line chart shows the normalized price, while the bar chart dis-

plays portfolio weights. We mark and color instances when-

artial time domain sequence represented by IDFT(M?>/) depicts
P an p Y ( ) dep ever the sign of the weight matches the price movement on

the targeted periodical patterns of price signals that the event-filters

aim to amplify. The figure reveals the event-filters’ focus on a spec- the following day.

trum of periodic patterns, ranging from fundamental patterns to alongside their weight adjustments during this period. Notably, Fre-

arbitrarily trained complex patterns shared among the assets. This QuANT demonstrates an ability to make independent investment

affirms the ability of FREQUANT to incorporate not only fundamen- decisions for each asset, not overly reliant on broader market trends.

tal periodic patterns but also multi-periodic patterns. This indicates that while an influential asset like Bitcoin might de-
termine the overall market trend, individual assets possess distinct

5.5 Empirical Validation of the Robustness (Q4) behaviors based on their unique circumstances. Consequently, as-

sets do not uniformly follow a single investment direction; instead,
they are capable of adopting strategies contrary to prevailing mar-
ket trends, based on awareness of their distinct conditions. This
confirms FREQUANT’s adaptive positioning in the face of market
fluctuations, highlighting its refined approach to portfolio optimiza-
tion problem in volatile environments.

In Figure 7, we validate the robustness of FREQUANT using real-
market data by identifying periods with significant market shifts
via quantile-based outlier detection. Specifically, we formulate a
probability density function, denoted as P, which describes the
distribution of the rate of change X in the market index, expressed
on a percentage scale. The critical cut-off point d is set where
1—-P(-d < X <d) = 0.1, indicating the 10th percentile of market
index rate changes. Dates with absolute changes exceeding d were
marked as high fluctuation dates, implying sudden market shifts.
We compare total rate of returns across different DRL-based mod-

6 CONCLUSION

els on these dates, with results confirming FREQUANT’s superior In this paper, we introduce FREQUANT, a DRL-based method for
performance and resilience during abrupt market shifts. adaptive portfolio optimization that exploits DFT-derived frequency

In addition, for the regularization term introduced in Eq. (17), features to capture both prevalent and abrupt events. FREQUANT
we conducted experiments to evaluate the impact of Predefined employs the Frequency State Encoder for asset representation, adap-
Periodicity Guidance (PPG) on learning stability by comparing the tively highlighting frequency features. The Portfolio Generator
model’s training statistics with and without PPG across several generates an optimal portfolio by modeling asset interrelation-
episodes. In Table 3, the values are represented by y(o?); s indicate ships. Comparative assessments show the state-of-the-art perfor-
the mean cumulative reward, while o2 represents its variance. FQ mance of FREQUANT on multiple datasets for profit and risk cri-
refers to our proposed method FREQUANT, incorporating PPG, and teria. Visualization of the Frequency-Relation Encoder’s attention
FQ-PPG denotes FREQUANT without PPG by setting A = 0 in Eq. map demonstrates dynamic highlighting of key frequency features.
(18). Results indicate that FQ with PPG consistently shows lower These findings underscore the effectiveness of incorporating fre-
variance than FQ-PPG, demonstrating PPG’s role in stabilizing quency features in addressing the portfolio optimization problem.
learning and confirming its significant contribution. Future works include integrating diverse market and asset features.

5.6 Case Study in Adaptive Positioning (Q5)

We conduct case studies on two cryptocurrencies, Bitcoin and Holo,

throughout a designated test period to evaluate the adaptive ca- ACKNOWLEDGMENTS

pability of FREQUANT in reallocating weights in response to price This work was supported by DeepTrade Technologies Inc. U Kang
movements. Figure 8 illustrates the price dynamics of these assets is the corresponding author.
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APPENDIX
A EXPERIMENT DETAILS
A.1 Detailed Experimental Setup

The search space and values of the hyperparameters used in FRE-
QUANT are summarized in Table 4. Besides the hyperparameters
shared across the datasets in Table 4, we set the number of invested
assets in the portfolio (|G]) as 40, 80, 16, 14, 25, and 10 for the U.S,,
KR, Crypto, CN, JP, and U.K. market datasets, respectively. These
numbers are determined depending on the number of available
assets to invest in the respective markets. The transaction fee rates
for closing long (f) and short (fs) positions are set to 0.0033 = 0.33%
and 0.004 = 0.4%, respectively. Oftentimes, the transaction fee rate
for the closing short positions is higher than that for long positions,
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as the trading market treats the short position as a borrowed asset
(before realization), hence the interest rate is applied and induced
higher fee rate. While we constrain the sum of the absolute weights
to be 1 (e.g., invest only what we have), in some other works, the
settings may be extended to borrowing assets for short investments,
allowing the sum of the absolute weights to exceed 1.

All experiments were conducted on a workstation equipped with

a GTX 1080 Ti.
Table 4: The search space and the values of the hyperparam-

eters used in FREQUANT.

Hyperparameter | Search Space | Value
Actor learning rate (agu) [5x1073,1x1073] | 1x107%
Critic learning rate (2go) [5%107°,1x1073] | 5x107°
Regularization coefficient (1) [1x1073,1] 5% 1071
Fee rate for long positions (f}) - 0.33%
Fee rate for short positions (fs) | — 0.4%
Window size (T) 64 — 378] 256
Buffer limit 5,000 — 100, 000] 10,000
Batch size (B) 8 —32] 8
Soft-update rate (r) [1x1073,1x1071] | 1x1072
Discount factor (y) (0,1] 0.99

# of episode (E) 50, 1000] 150

# of units in MEFN () 1-4] 2

# of FSE block (M) 1-4] 4

1 X 1-conv feature maps (Fp) 5—32] 10
Conv1d feature maps (F;) 5 — 64] 16

CTE linear projection dim (d) 32 — 256] 64

# of event-filters (u;) 1-10] 5

# of predefined periodicities () | [5— 10] 10




	Abstract
	1 Introduction
	2 Related Works
	3 Problem Formulation
	4 Proposed Method
	4.1 Frequency State Encoder
	4.2 Portfolio Generator
	4.3 Optimization with Guidance

	5 Experiments
	5.1 Experimental Setup
	5.2 Performance Evaluation (Q1)
	5.3 Effects of Frequency-Relation Encoder (Q2)
	5.4 Interpretation of Event-filters (Q3)
	5.5 Empirical Validation of the Robustness (Q4)
	5.6 Case Study in Adaptive Positioning (Q5)

	6 Conclusion
	Acknowledgments
	References
	A Experiment Details
	A.1 Detailed Experimental Setup




